The ability to navigate in chemical gradients, called chemotaxis, is crucial for the survival of microorganisms. It allows them to find food and to escape from toxins.
termine the collective behavior of synthetic microswimmer ensembles and can be used as a design principle to create patterns in motile active particles.
Introduction
To find food and to avoid toxins, microorganisms are equipped with a remarkable navigation machinery, which allows them to sense (or "smell") certain chemicals to which they respond by moving either up the chemical gradient (chemoattraction) or down it (chemorepulsion or negative chemotaxis). Besides chemotaxis, microorganisms show taxis also to many other gradients, such as temperature (thermotaxis), 1 light intensity (phototaxis) 2, 3 or viscosity (viscotaxis).
4,5
Remarkably, many microorganisms can produce the chemicals to which they respond themselves and use chemotaxis to communicate with each other. This communication, called signalling, allows microorganisms (and cells) to coordinate their motion and gene expression, which is crucial for a large variety of biological processes: for example, it allows the sperm to find the egg, thus preceding mammalian life.
6,7
An example illustrating collective behavior based on signalling is provided by Dictyostelium cells; when starving, they produce certain chemicals (cAMP) whose "smell" attracts other showing positive chemotaxis to self-produced autoinducers 16 ). This mechanism is captured in the classical Keller-Segel model 17,18 as we will quantify below.
Recent advances in synthetic microswimmers 19, 20 have revealed a remarkably close synthetic analogon to biological chemotaxis: Phoretic Janus-colloids which are half-coated with The analogy of chemically interacting Janus colloids and signalling microorganisms holds true even formally: for example, the same Keller-Segel equations which describe the aggregation of microorganisms 21 apply to (chemically interacting) Janus colloids [22] [23] [24] [25] opening the perspective to explore signalling-induced pattern formation as observed in biological systems in a minimal synthetic environment. Note that synthetic signalling is not restricted to chemical interactions but can occur e.g. also in self-thermophoretic and self-electrophoretic colloids where particles interact via other self-produced phoretic fields (e.g. temperature, electric field) which they use for swimming. [26] [27] [28] [29] [30] We thus use the terms phoretic interactions and synthetic signalling interchangeably in the following.
Here, the "interaction fields" are materialistic and follow the motion of the Janus colloids non-instantaneously inducing memory or delay effects allowing particles to interact with their own past (they leave chemical trails behind) and with the history of other particles. Such delay effects should also be relevant in self-propelled oil droplets showing chemotaxis with respect to micellar surfactant gradients (chemoattractive response) and to empty micelles which they leave in their wake 31, 32 and camphor boats 33, 34 leaving slowly decaying chemical trails in their wakes.
While we are still at the beginning of understanding the plethora of physical phenomena made possible by interactions based on synthetic chemotaxis, it is likely that they play a key role e.g. for the typical collective behavior of autophoretic microswimmers. In particular, dilute suspensions of Janus colloids of only 3-10 per cent packing fraction, spontaneously form so-called living clusters in experiments (also called dynamic clusters). [9] [10] [11] 35 Remarkably, as a hallmark of their nonequilibrium nature, these clusters are intrinsically dynamic and continuously break up and reform.
In typical active systems, phoretic interactions compete with steric short range repulsions and hydrodynamic interactions, making it important to understand which interactions dominate for a given active setup: 36 from the exploration of minimal active matter models, it is known that the combination of steric short range repulsions and motility alone can lead to spontaneous aggregation of particle ensembles 37 ("motility induced phase separation")). However, this requires packing fractions 30% to occur sponaneously from a uniform phase 38 or a large nucleation seed. 39 Similarly, hydrodynamic interactions are known to often play an important role not only for microorganisms 40 but also for the collective behavior of colloids at moderate to high density. 41, 42 
Chemotaxis in Passive Particles
Modelling Single Particle Chemotaxis
Let us consider a simple model for chemotaxis, describing the dynamics of an isotropic overdamped Brownian particle with center of mass coordinate r 1 which couples to the gradient of a field c(r, t). The corresponding Langevin equation readṡ
Here, we call c the "chemical field" for concreteness but keep in mind that c may also represent e.g. a temperature or light intensity field, depending on the type of taxis we consider. β D is the (chemo)tactic coupling coefficient, ξ(t) represents Gaussian white noise of zero mean and unit variance and D is the diffusion coefficient of the particle. If β D > 0, the particle moves towards high chemical concentration and shows chemoattraction (or positive chemotaxis); if β D < 0, the particle moves down the chemical gradient representing chemorepulsion (or negative chemotaxis).
As we have discussed above, many microorganisms self-produce the chemical to which they respond, say with a rate k 0 . This is called (positive or negative) autochemotaxis. We describe the corresponding chemical dynamics by a diffusive evolution equation with a source representing chemical production by the particlė explored in 55 and forms a close analogue to a predator-prey system featuring nonreciprocal interactions. For more details on single and two-particle chemotaxis we refer the reader to.
56
Here, we mainly focus on collective behavior.
Collective Behaviour -Keller-Segel Model
We now consider ensembles of diffusive particles interacting via self-produced chemical fields (signalling). Here, the dynamics of each particle couples to the chemicals produced by all N particles in the system. Formally, to describe collective behavior, we can replace r 1 (t) → r i (t)
. It is convenient to describe collective behavior using a particle density field ρ(r, t) =
to the chemical density. The exact Smoluchowski-equation for ρ coupled to an evolution equation for c reads:
These equations represent the classical Keller-Segel model (see 21 for variants of this model).
One obvious solution is (ρ, c) = (ρ 0 , k 0 ρ 0 /k d ) representing a uniform disordered phase. Performing a linear stability analysis of this phase predicts a criterion for the onset of structure formation, which reads:
This is the Keller-Segel instability which occurs for chemoattraction (β D > 0) and is based on a positive feedback between particle aggregation and chemical production. 
Chemotaxis in Active Particles
Active Particles in an Imposed Chemical Gradient
Many chemotactic particles, from cells and microorganisms to synthetic Janus colloids selfpropel, i.e. they move autonomousely. When exposed to a chemical gradient, these anisotropic particles displace (change of velocity) and align with (or against) the chemical gradient (change of self-propulsion direction). Effectively, chemical gradients cause both a force and a torque on active particles. It is convenient to describe the motion of an overdamped chemotactic particle self-propelling with a velocity v 0 (independently of chemotaxis) in a direction p = (cos θ, sin θ) in two dimensions by the following evolution equationṡ
where a × b = a 1 b 2 − a 2 b 1 represents the 2D-cross-product. Here, the chemotactic drift, β D ∇c, changes the speed of the particle in response to the imposed chemical gradient and the alignment term, β∇c, changes the particle orientation (swimming direction): when β > 0 the particle (i.e. its swimming direction) turns up the chemical gradient (chemoattraction) whereas for β < 0 the particle turns down the gradient (chemorepulsion); see the left two columns in Fig. 3 . This alignment occurs in competition with rotational Brownian diffusion due to collisions with solvent molecules, described by the rotational diffusion coefficient D r and Gaussian white noise η with zero mean and unit variance.
Synthetic chemotaxis of active particles has been first observed with microrods in externally imposed chemical gradients in ref. 61 Later synthetic taxis has discussed also for thermophoretic Janus colloids in externally imposed temperature gradients. 28, 62 In 28 the temperature gradient induces an effective polarization of the particles, showing that the temperature gradients (also) act on the orientational degrees of freedom of the particle; and in, 62 particles shield each other from the light (heat) source, leading to the formation of a moving swarm.
Recently, synthetic phototaxis has also been observed in artificial microswimmers which has beed used to create a directed particle transport in a ratchet-shaped light intensity field.
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An active version of autochemotactic particles interacting with their own trails has been discussed in 64, 65 and typical trajectories of two (and more) of these walkers have been discussed in.
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Collective Behaviour: the Phoretic Brownian Particle Model (ii) For simplicity, the PBP model also neglects the chemotactic drift (β D → 0), allowing us to capture most aspects of chemically interacting microswimmers in a simplified way (for cases when drift and alignment are both attractive or both repulsive). Generally, drift effects may also be important (or even dominant), e.g. when the chemical interactions are attractive.
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We can now define the PBP model for N self-propelled particles moving with identical selfpropulsion velocities v in directions p i = (cos θ i (t), sin θ i (t)) i = 1, .., N , which change, due to rotational diffusion and chemical torques.
To account for possible anisotropic chemical production, occurring e.g. for Janus colloids, we slightly generalize the evolution equation for the chemical:
The integral is over the 3D surface of the (spherical) particles with radius R 0 and σ(x i )
is the (nonuniform) production rate density on the particle surface. Specifically for Janus colloids, we have σ(x i ) = k 0 /(2πR 2 0 ) on the catalytic hemisphere and zero elsewhere. Since we are mainly interested in understanding the onset of pattern formation at low densities we neglect steric short range repulsions among the particles for simplicity (but will include them in particle based simulations). 
Limit

Field Theory of the Phoretic Brownian Particle Model
To understand the collective behavior of phoretically interacting active particles, it is useful to coarse grain the PBP model. Since active particles are nonisotropic, but have a direction of motion, a field theory for their collective behavior naturally involves not only the particle density field ρ(r, t) = N i=1 δ(r − r i (t)) but also a polarization density field w(r, t) defined as
. Its magnitude is a measure for the number of aligned particles around position r and its direction describes the average self-propulsion direction. Following, 47 for moderate deviations from isotropy we obtaiṅ
Here, we have introduced time and space units as t u = 1/D r and x 0 = R 0 , leading to the following six dimensionless control parameters (i) the Peclet number Pe = v 0 /(R 0 D r ); 
Active Keller-Segel Model
One interesting limiting case of Eqs. (11-13) is obtained by assuming that particles reorient quasi-instantaneously (ẇ → 0) and by neglecting nonlinear terms which will be important only far from the uniform phase as well as second order gradients in Eq. (12), i.e. w ≈ Bρ∇c/2 − Pe∇ρ/2. Plugging this expression into Eq. (11) and neglecting the anisotropy in the production (ν = 0) yields the Keller-Segel equations (3,4) now applying to active particles and written in dimensionless units. Thus, the apparent similarity between signalling microorganisms and synthetic microswimmers holds true also formally. The formal analogy allows us to immediately write down the instability criterion as
It can be shown 12 that despite the approximations which we have used to derive the active Keller-Segel model, this instability criterion holds true exactly for Eqs. (11)- (13). The KellerSegel instability leads to clusters of active particles and colocated clusters of the self-produced chemical which grow in the coarse of the time due to coarsening and cluster-coalescence (see Fig. 1 E,F) . In physical units the instability criterion translates to
that strong production and alignment up chemical gradients favors instability of the uniform phase. However, it also suggests that self-propulsion opposes the instability which seems paradoxical, since in the absence of self-propulsion, particles in the PBP model do not move at all and hence, should not cluster. We will resolve this paradoxon in the next paragraph.
Parameter Collapse and Universality
As discussed in the introduction, phoretic microswimmers move by catalyzing certain chemical reactions in a bath on part of their surface only, which drives them forward. The same gradients also act on other phoretic swimmers and bias their swimming direction. It has been shown that this situation allows us to express the (dimensionless) phoretic cross coupling coefficient B, through parameters determining the single-particle swimming speed 12 as
where s = 1 represents chemoattraction and s = −1 represent chemorepulsion. This expression for B can now be used to strongly simplify the Keller-Segel instability for active particles. Combining (15) with (14) (Fig. 4) with that of the widely used active Brownian particle model. Since we have Pe ∼ 20 − 200 for typical autophoretic Janus swimmers, 9,10,35 this criterion shows that not only attractive chemical interactions but also repulsive ones generically destabilize the uniform phase in autophoretic microswimmers. Thus, the very fact that Janus colloids swim obliges them to form patterns -even at very low density, 12 where the Active Brownian particle model predicts stability of the uniform phase only, but experiments show dynamic clustering. [9] [10] [11] 35 (This remains true in the presence of chemical evaporation ( 12 for further details. Figure 5 : Simulations of the Phoretic Brownian Particle model for repulsive phoretic interactions including additional short-ranged steric repulsions among the particles. The figure shows colloidal waves (A) pursued by self-produced phoretic waves caging the colloids in dense clusters (B); these clusters act as enhanced phoretic producers leading to phoretic clusters (C) which drive colloids away, and induce escape waves (D). At late times, these wave patterns may settle into regular moving bands of colloids closely followed by phoretic waves (E,F). Reproduced with permission from ref.
12 Copyright 2017 American Physical Society.
The instability criterion Eq. (17) is a sum of two terms representing independent physical mechanisms, illustrated in Fig. 5 and discussed in the following (for more details see 25 ).
• Janus instability: The first part of the criterion reads 3Pef ν > 2. Since ν = 0 for isotropic chemical production on the surface of the particles, this criterion can only be fulfilled for anisotropic chemical production; hence it is called, the ("Janus instability"). The Janus instability leads to clusters of finite size. The underlying physical mechanism is illustrated in Fig. 5 A. (Note that anisotropic chemical production effectively leads here to anisotropic interactions among Janus particles; a model involving direct anisotropic interactions has been considered in 67 and leads to similar clusters.)
• Delay-induced instability: The second criterion 3Pe 2 f > 1 in Eq. (17) represents an oscillatory instability and creates wave patterns. This instability is based on a delay in the response of the colloids to changes in the chemical field an is therefore referred to as the "delay-induced instability", which is detailed in Fig. 5 B. The Janus and the delay-induced instability create a rich panorama of patterns. In most cases the delay-induced instability dominates over the Janus instability and leads to continuously evolving patterns. 12, 25 A typical example is shown in Fig. 6 . It involves colloidal waves pursued by self-produced phoretic waves. When these waves collide frontally, the pursuing phoretic waves act as cages for the chemorepulsive particles and morph them into a cluster (Fig. 6 B) . chronized, most aspects of the physics of chemically interacting chiral active matter remain to be studied.
Further Extensions
So far, for convenience we have mainly focused on chemotactic alignment. Generally, however chemotactic drift effects should be also important. to growing bacterial colonies.
Conclusions and Outlook
We 
